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Abstract
Hamiltonian formulations of M-branes moving in curved backgrounds are given.
As is well known (see e.g. [1], [2]), varying the volume
VolM = S[xµ] =
∫
dM+1ϕ
√
G (1)
G =
∣∣∣∣det
(
∂xµ
∂ϕα
∂xν
∂ϕβ
ηµν(x)
)∣∣∣∣
of an M + 1 dimensional (time-like) manifold M embedded in a Lorentzian
manifold L one obtains
1√
G
∂α
(√
GGαβ∂βx
µ
)
+Gαβ∂αx
ν∂βx
λΓµνλ(x) = 0 (2)
µ = 0, 1, ...N
as equations of motion. Assuming that L = R×N , and choosing [3]
ϕ0 = x0 =: t , G0b = 0 (3)
(b = 1, ...M),
referred to as O(rdinary)T(ime) Orthonormal Gauge, (3) µ = 0 implies that
ρ :=
(
det(∂ax
i∂bx
jηij(x))
1− x˙ix˙jηij(x)
)1/2
(4)
1
is time-independent, and (3) µ = i..N then takes the form
x¨i + x˙j x˙kΓijk(x) =
1
ρ
∂a
(
g
ρ
gab∂bx
i
)
+
g
ρ2
gab∂ax
j∂bx
kΓijk(x). (5)
As shown below, (5) -together with (3) and (4), are Hamiltonian with respect
to
H =
∫
dMϕ
√
piηij(x)pj + det (∂axi∂bxjηij(x)) =:
∫
dMϕH, (6)
pi∂ax
i = 0 (a = 1...M) (7)
and1the Hamiltonian density H = √p2 + g is time independent (and equal
to ρ), just as in the case of flat backgrounds [4], [5]. The equations of motion
following from (6) are
x˙i =
δH
δpi
=
ηij(x)
H pj (8)
p˙i =
−δH
δxi
=
−1
2Hpjpk∂iη
jk − 1
2Hgg
ab∂ax
j∂bx
k∂iηjk
+∂a
(
ggabηij
∂bx
j
H
)
.
Using (e.g.)
∂cx
i∂a
(
ggabηij
∂bx
j
H
)
= ggabηij∂cx
i∂bx
j∂a
(
1
H
)
+
1
H∂a
(
ggabηij∂cx
i∂bx
j
)− 1Hggabηij∂bxj∂2acxi (9)
= g∂c
(
1
H
)
+
1
H∂cg −
1
2H∂cg +
1
2Hgg
ab∂ax
j∂bx
k∂cηjk
one first shows that
1similar results were, as far as I know, also perceived by V. Moncrief, who tried to
generalize [4], [5] to curved backgrounds , one or two years ago.
2
∂t(pi∂cx
i) = ... =
1
2H∂c
(
piη
ijpj + g
)
+
(
p2 + g
)
∂c
1
H = 0 (10)
and then, using (7) (three times),
H˙ = 0. (11)
Note that in the case of membranes,
g/ρ2 = −1
2
{xi, xk}ηkj{xj , xl}ηli, (12)
if
{f, h} := ∈
ab
ρ
∂af∂bh, (13)
and that, due to
ggab = ǫaa
′
ǫbb
′
ga′b′ (14)
when M = 2, the r.h.s. of (5) may be written as
{ηjk{xi, xk}, xj}+ {xj, xl}{xk, xm}ηlmΓijk, (15)
hence allowing a matrix model approximation of (5). However, as in the case
of flat backgrounds [3], due to the constraints (7) and the square root in (6),
(especially with respect to quantization), it can be advantageous to use light-
cone coordinates and (assuming M = R1,1 × N˜ ) choose the L(ight)C(one)
ONG (cp [3] for N˜ = Rd)
ϕ0 =
x0 + xd+1
2
, (16)
G0b = 0 (b = 1...M).
One again obtains (5), but now with
ij = 1...N − 1 =: d (17)
and the integrability of
3
0 = G0b = ∂bζ − ηijx˙j
(
∂bx
i
)
, (18)
allowing to determine ζ = x0 − xd+1, implies
∂a
(
ηij x˙
j
)
∂bx
i − ∂b
(
ηij x˙
j
)
∂ax
i = 0, (19)
instead of (7). With
ρ =
(
det(∂ax
i∂bx
jηij(x))
2ζ˙ − x˙ix˙jηij
)1/2
(20)
being again a time independent, non-dynamical density, a light-cone Hamil-
tonian description is then given by
H =
1
2
∫
dMϕ
ρ
(
piη
ijpj + g
)
, (21)
∂api∂bx
i − ∂bpi∂axi = 0. (22)
In particular, for M = 2 (see [6],[7] for some related results)
H =
1
2
∫
d2ϕρ
(
pi
ρ
ηij
pj
ρ
− 1
2
{xi, xk}ηkj{xjxl}ηli
)
, (23)
{pi, xi} = 0, (24)
obviously leading to a matrix model with
H ∼ Tr
(
Piη
ij(X)Pj +
1
2
[
Xi,Xk
]
ηkj(X)ηli(X)
[
Xj,Xl
])
d∑
i=1
[
Pi, X
i
]
= 0. (25)
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